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Denote by Sn the variety generated by all semigroups of order n.
Marcel Jackson proved that the variety Sn contains uncountably
many subvarieties if n  4, and it follows from existing results
that the variety S2 contains precisely 32 subvarieties. However,
the number of subvarieties of the variety S3 has been unknown.
The main aim of the present article is to address this problem. It
is shown that all subvarieties of the variety S3 are ﬁnitely based.
Consequently, the variety S3 contains countably inﬁnitely many
subvarieties.
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1. Introduction
Semigroups of small order play crucial roles in the study of semigroup varieties. The presence or
absence of certain small semigroups in a variety often controls important structural and equational
properties satisﬁed by the variety. For instance, any locally ﬁnitely variety containing Perkins’ semi-
group B12 of order six is non-ﬁnitely based [16], while any variety that does not contain the null
semigroup of order two consists entirely of completely regular semigroups. Refer to [18, Table 1] for
a list of other properties satisﬁed by a variety that excludes a combination of other semigroups of
order two.
Over the years, small semigroups have been studied in several ways. Most notably, all semigroups
of order ﬁve [20,21] or less [3,13] had been shown to be ﬁnitely based; this result conﬁrmed that
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with as few as four elements can generate a variety that is ﬁnitely universal [8] in the sense that its
subvariety lattice contains an isomorphic copy of any ﬁnite lattice. (In contrast, the variety generated
by any ﬁnite group [12] or ﬁnite associative ring [7,9] is ﬁnitely based and contains only ﬁnitely
many subvarieties.) Refer to the surveys [17–19] for more information on semigroup varieties and the
lattices they constitute.
Small semigroups have also been studied collectively. For each integer n 2, let Sn be the variety
generated by all semigroups of order n. The varieties S2 and S3 are ﬁnitely based (see [19, Section 10]),
and Volkov [25] proved that the variety Sn is non-ﬁnitely based for all n  5. But it is still unknown
if the variety S4 is ﬁnitely based. As for the number of subvarieties in Sn , Jackson [5] proved that the
variety Sn contains uncountably many subvarieties if n 4. He also demonstrated that the variety S2
contains only countably many subvarieties. These results naturally led him to question whether or not
the variety S3 contains uncountably many subvarieties [5, Question 3.18].
A result of Vernikov and Volkov [22] actually implies that the variety S2 contains precisely 32
subvarieties (see Proposition 3.4). The situation with the variety S3, however, is not as simple, since
there exists a monoid of order three that generates a variety with inﬁnitely many subvarieties (see
Section 3.2). Nevertheless, a negative answer to the aforementioned question of Jackson follows from
the main result of the present article.
Theorem 1.1. Every subvariety of S3 is ﬁnitely based.
Since only countably many ﬁnite sets of identities exist up to letter substitution, a variety that
contains only ﬁnitely based subvarieties can contain at most countably many subvarieties. Conse-
quently, the variety S3 contains countably inﬁnitely many subvarieties. It also follows that the variety
S3 is ﬁnitely universal (it is known that if n 4, then the variety Sn is ﬁnitely universal [8]). Table 1
summarizes all the aforementioned results regarding the variety Sn .
Table 1
Some properties of the variety Sn .
n = 2 n = 3 n = 4 n 5
Sn is ﬁnitely based Yes Yes Unknown No
Number of subvarieties of Sn 32(†) ℵ0 2ℵ0 2ℵ0
Sn is ﬁnitely universal No Yes(‡) Yes Yes
There are nine sections in this article. Section 2 contains notation and background material. Sec-
tion 3 contains information on semigroups of order up to three and speciﬁcally addresses the results
(†) and (‡). Section 4 establishes a ﬁnite basis for the variety S3. Section 5 presents the main argu-
ments in the proof of Theorem 1.1. Technically involved results that are required for this proof are
deferred to the last four sections.
2. Preliminaries
Most of the notation and background material of this article are given in this section. Refer to the
monograph [1] for any undeﬁned terminology.
Let X be a ﬁxed countably inﬁnite alphabet throughout. For any subset A of X , denote by A∗ the
free monoid over A. Elements of X and X ∗ are referred to as letters and words respectively.
Let x be any letter and w be any word. Then
• the content of w, denoted by C(w), is the set of letters occurring in w;
• the head of w, denoted by h(w), is the ﬁrst letter occurring in w;
• the tail of w, denoted by t(w), is the last letter occurring in w;
• the initial part of w, denoted by ip(w), is the word obtained from w by retaining the ﬁrst occur-
rence of each letter;
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of each letter;
• the multiplicity of x in w, denoted by m(x,w), is the number of times x occurs in w;
• x is simple in w if m(x,w) = 1.
A word is said to be simple if all of its letters are simple in it.
An identity is typically written as u ≈ v where u and v are nonempty words. Let Π be any set
of identities. The deducibility of an identity u ≈ v from Π is indicated by Π  u ≈ v or u Π≈ v. The
variety deﬁned by Π is the class of all semigroups that satisfy all identities in Π ; in this case, Π is
said to be a basis for the variety. The subvariety of S3 deﬁned by Π is denoted by S3{Π}. A variety is
ﬁnitely based if it possesses a ﬁnite basis.
Let u≈ v be any identity and x be any letter. Then
• u≈ v is n-balanced at x if m(x,u) ≡ m(x,v) (mod n);
• u≈ v is n-balanced if it is n-balanced at every letter;
• u≈ v is balanced at x if m(x,u) = m(x,v);
• u≈ v is balanced if it is balanced at every letter.
A permutation identity is a balanced identity u≈ v where u and v are distinct simple words.
Lemma 2.1. (See Perkins [13].) Any periodic variety that satisﬁes some permutation identity is ﬁnitely based.
The number |C(w)| of distinct letters in a word w obviously cannot exceed the length |w| of w.
Deﬁne the difference |w| − |C(w)| to be the level of the word w. The level of an identity u ≈ v is the
maximum of the level of u and v. Denote by Λn the set of all identities over X of level at most n.
Lemma 2.2. (See Volkov [24].) Let n be any ﬁxed integer and Λ be any subset of Λn. Then the variety deﬁned
by Λ is ﬁnitely based.
3. Varieties generated by small semigroups
This section contains information on semigroups of order two and three. Varieties generated by
these semigroups and their bases are long known results and will be given here.
Let L2 be the left-zero semigroup of order two, R2 be the right-zero semigroup of order two, and
Y2 be the semilattice of order two:
L2 =
〈
a,b
∣∣ a2 = ab = a, b2 = ba = b〉,
R2 =
〈
a,b
∣∣ a2 = ba = a, b2 = ab = b〉,
Y2 = {0,1}.
Let N2 and N3 be the aperiodic monogenic semigroups of order two and three respectively:
N2 =
〈
a
∣∣ a2 = a3〉,
N3 =
〈
a
∣∣ a3 = a4〉.
For any n 2, let Zn be the cyclic group of order n. The semigroup B12 introduced in Section 1 is the
monoid obtained by adjoining a neutral element to the Brandt semigroup
B2 =
〈
a,b
∣∣ a2 = b2 = 0, aba = a, bab = b〉
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semigroups of B2. The semigroups C and D are easily shown to be anti-isomorphic. If S is any
semigroup that is not a monoid, then S1 denotes the monoid obtained from S by adjoining a neutral
element.
The variety generated by a semigroup S is denoted by var S . A minimal nontrivial variety is said
to be an atom.
Lemma 3.1. (See Kalicki and Scott [6].) The varieties var L2, var R2, varN2, var Y2, and varZp for all prime
integers p constitute the set of all atoms in the lattice of semigroup varieties.
For any x ∈ {C, ip, fp}, an identity u≈ v is said to be x-compliant if x(u) = x(v).
Lemma 3.2.
(i) An identity holds in the monoid L12 if and only if it is ip-compliant.
(ii) An identity holds in the monoid R12 if and only if it is fp-compliant.
(iii) An identity holds in the semilattice Y2 if and only if it is C-compliant.
(iv) An identity holds in the group Zn if and only if it is n-balanced.
(v) An identity u≈ v holds in the semigroup N3 if and only if either u≈ v is balanced or |u|, |v| 3.
(vi) An identity u ≈ v holds in the monoid N12 if and only if for each x ∈ X , either m(x,u) = m(x,v) = 1 or
m(x,u),m(x,v) 2.
Proof. Parts (i) to (iv) are well known (see, for example, [15]). Parts (v) and (vi) are easy to verify. 
3.1. Semigroups of order two
Lemma 3.3. (See Vernikov and Volkov [22, Proposition 1].) Let V be any variety that is the join of n distinct
atoms. Then the lattice of subvarieties of V is isomorphic to a Boolean algebra of order 2n.
Proposition 3.4. The variety S2 contains precisely 32 subvarieties.
Proof. The semigroups L2, R2, N2, Y2, and Z2 are, up to isomorphism, the only semigroups of order
two (see, for example, [14]) so that by Lemma 3.1, the variety S2 is the join of ﬁve distinct atoms.
The result now follows from Lemma 3.3. 
3.2. Semigroups of order three
Up to isomorphism and anti-isomorphism, there are 18 semigroups of order three (see, for exam-
ple, [14]). Multiplication tables of these semigroups are listed in the ﬁrst column of Table 2. Bases
for these semigroups and the varieties these semigroups generate can be found in [3,4] and are also
summarized in Table 2. It is routine to deduce that the variety S3 is generated by the semigroups C ,
D , L12, R
1
2, N
1
2 , N3, Z2, and Z3.
Let H be the variety deﬁned by the identity xyx ≈ z2. By inspecting the basis for the variety S3
found in Theorem 4.1, it is easy to show that the variety H is contained in S3. Since the variety H is
ﬁnitely universal [23], it follows from Theorem 1.1 that the variety S3 is ﬁnitely universal and contains
countably inﬁnitely many subvarieties.
A variety is said to be small if it contains ﬁnitely many subvarieties. By Lemmas 3.1 and 3.3, the
varieties in Table 2 that are either atoms or joins of atoms are small. The variety var L12 is well known
to be small (see [15]), while the varieties varN3 and varC are small by a result of Malyshev [10].
However, the remaining variety varN12 is non-small [2] (see also [4, Fig. 5(b)]). Therefore it seems
that the presence of the semigroup N12 in the variety S3 is the reason for the complex structure of the
subvariety lattice of S3. It is thus reasonable to conjecture that a subvariety of S3 is small if and only if
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Semigroups of order three. The underlying set of each semigroup is {1,2,3},
and each table is given by a 3× 3 matrix where the (i, j)-entry denotes the
product of the elements i and j.
Semigroup Basis Variety generated
111
111
111
xy ≈ zt varN2
111
111
112
xyz ≈ hkt, xy ≈ yx varN3
111
121
111
x2 y ≈ xy, xy ≈ yx varN2 ∨ var Y2
111
121
113
x2 ≈ x, xy ≈ yx var Y2
111
121
131
xy2 ≈ xy, x2 y2 ≈ y2x2 varC
111
121
333
x2 ≈ x, xyz ≈ xzy var L2 ∨ var Y2
111
122
122
x2 y ≈ xy, xy ≈ yx varN2 ∨ var Y2
111
122
123
x2 ≈ x, xy ≈ yx var Y2
111
122
133
x2 ≈ x, xyz ≈ xzy var L2 ∨ var Y2
111
123
131
x3 ≈ x2, xy ≈ yx varN12
111
123
132
x3 ≈ x, xy ≈ yx var Y2 ∨ varZ2
111
123
333
x2 ≈ x, xyx ≈ xy var L12
111
222
111
xyz ≈ xy var L2 ∨ varN2
111
222
333
xy ≈ x var L2
113
113
331
x2 yz ≈ yz, xy ≈ yx varN2 ∨ varZ2
113
123
331
x3 ≈ x, xy ≈ yx var Y2 ∨ varZ2
122
211
211
x2 yz ≈ yz, xy ≈ yx varN2 ∨ varZ2
123
231
312
x3 y ≈ y, xy ≈ yx varZ3
it does not contain the semigroup N12 . However, this conjecture is false. Consider the semigroup B0; it
generates a ﬁnitely universal variety [8]. By inspecting the basis for S3 found in Theorem 4.1, one can
easily check that each identity in the basis holds in B0, hence var B0 is a subvariety of S3. The identity
xy2x ≈ xyx holds in the semigroup B0 but fails in the semigroup N12 . Therefore the variety var B0 is
not only a non-small but ﬁnitely universal subvariety of S3 that does not contain the semigroup N12 .
4. A ﬁnite basis for S3
The present section establishes a ﬁnite basis for the variety S3. (The ﬁnite basis property of the
variety S3 was ﬁrst announced in [19, Section 10] as a result of Dvoskina. However, neither a proof of
this result nor a ﬁnite basis for S3 was given.)
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x8 y ≈ x2 y, xy8 ≈ xy2, x7 yx ≈ xyx7 ≈ xyx, xyx6zx ≈ xyzx, (4.1)
x2 yx ≈ xyx2, xyxzx ≈ x2 yzx, (4.2)
xhyxty ≈ xhxyty, xhyxy ≈ xhxy2, xyxty ≈ x2 yty, xyxy ≈ x2 y2. (4.3)
The proof of Theorem 4.1 is given at the end of the section.
Most of the equational deductions in this article are deductions within the equational theory of S3.
Therefore, it will be convenient to refer to the identities in Theorem 4.1 collectively by , that is,
= {(4.1), (4.2), (4.3)}.
For any sets Π1 and Π2 of identities, the deduction ∪ Π1  Π2 is abbreviated to Π1 Π2.
Any word w can always be uniquely written in the form
w= xe11 xe22 · · · xekk
where ei  1 and xi 
= xi+1 for all i. The sequence x1x2 · · · xk is said to be the appearance sequence
of w. The number of times a letter x appears in the sequence x1x2 · · · xk is denoted by a(x,w).
Example 4.2. Suppose that w= x2zxy2xtzx3t4. Then
(a) the appearance sequence of w is xzxyxtzxt;
(b) a(x,w) = 4, a(y,w) = 1, and a(z,w) = 2= a(t,w);
(c) m(x,w) = 7, m(y,w) = m(z,w) = 2, and m(t,w) = 5.
A word w is said to be in canonical form if all of the following conditions hold:
(CF1) a(x,w) 2 for any x ∈ X ,
(CF2) if |C(w)| = 1, then w ∈ {x, x2, . . . , x8} for some x ∈ X ,
(CF3) if |C(w)| 2, then m(x,w) ∈ {1,2, . . . ,7} for any x ∈ C(w),
(CF4) if w = w1xew2x fw3 for some x ∈ X , e, f  1, and w1,w2,w3 ∈ (X \{x})∗ with w2 
= ∅, then
f = 1, h(w2) /∈ C(w1), and t(w2) /∈ C(w3).
An identity u≈ v is canonical if the words u and v are in canonical form.
Lemma 4.3. Let w be any word. Then the deduction w≈w′ holds for some word w′ in canonical form.
Proof. It suﬃces to apply the identities  to the word w until it satisﬁes all of the conditions (CF1)–
(CF4). First, condition (CF1) is satisﬁed by applying the identities (4.2). Then conditions (CF2) and
(CF3) are satisﬁed by applying the identities (4.1). Finally, condition (CF4) is satisﬁed by applying the
identities (4.2) and (4.3). 
Lemma 4.4. Let u≈ v be any canonical identity that is ip–fp-compliant. Then
(a) a(x,u) = a(x,v) for all x ∈ X ;
(b) the appearance sequences of u and v coincide.
Proof. Since the identity u ≈ v is ip–fp-compliant, a(x,u) = 0 if and only if a(x,v) = 0. Suppose that
a(x,u) = 2 and a(x,v) = 1 for some x ∈ X , say
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for some u1,u2,u3,v1,v2 ∈ (X \{x})∗ and e, f  1 such that u2 
= ∅. Let
ip(u2) = y1 · · · yk.
Then y1 /∈ C(u1) by condition (CF4) so that ip(u) = · · · xy1 · · · . Since ip(v) = ip(u), the letter y1 oc-
curs in v2. Hence fp(v) = · · · x · · · y1 · · · . Since fp(u) = fp(v), the letter y1 must occur in u3. A similar
argument can be repeated to show that the letters y2, . . . , yk also occur in u3. This implies that
t(u2) = yk ∈ C(u3), contradicting condition (CF4). A similar contradiction follows if a(x,u) = 1 and
a(x,v) = 2 for some x ∈ X . Therefore (a) must hold.
Suppose that the appearance sequences of u and v are different because of the order of appearance
of the letters y and z. If either a(y,u) = a(y,v) = 1 or a(z,u) = a(z,v) = 1, then u≈ v is either non-
ip-compliant or non-fp-compliant, contradicting the assumption. Therefore
a(y,u) = a(y,v) = a(z,u) = a(z,v) = 2. (4.4)
Assume without loss of generality that
u= u1 ye1u2 yu3z f1u4zu5 and v= v1 ye2v2z f2v3 yv4zv5
for some u1,v1, . . . ,u5,v5 ∈ (X \{y, z})∗ and e1, f1, e2, f2  1. Note that both u2 and u4 are nonempty
words due to (4.4). Further, the word v3 is also nonempty by condition (CF4), say ip(v3) = x1 · · · xr .
First suppose that a(x1,u) = a(x1,v) = 1. Then ip(u) = ip(v) = · · · y · · · zx1 · · · so that x1 ∈ C(u4u5). It
follows that
fp(u) = · · · y · · · x1 · · · 
= · · · x1 · · · y · · · = fp(v),
contradicting the fp-compliance of u≈ v. Hence a(x1,u) = a(x1,v) = 2 necessarily. In this case, it fol-
lows from condition (CF4) that x1 /∈ C(v1v2). Then ip(u) = ip(v) = · · · y · · · zx1 · · · so that x1 ∈ C(u4u5).
Now fp(v) = fp(u) = · · · y · · · x1 · · · implies that x1 ∈ C(v4v5). A similar argument can be repeated to
deduce that x2, . . . , xr ∈ C(v4v5). It follows that t(v3) = xr ∈ C(v4v5), contradicting condition (CF4).
Consequently, the letters y and z do not exist and (b) must hold. 
Lemma 4.5. The following conditions on a canonical identity u≈ v are equivalent:
(a) u≈ v holds in the variety S3;
(b) u≈ v is balanced and ip–fp-compliant;
(c) u≈ v is trivial.
Proof. (a) implies (b). The variety S3 contains the semigroups L12 and R
1
2 so that the identity u ≈ v
is ip–fp-compliant by Lemma 3.2, parts (i) and (ii). Therefore it remains to show that the identity
u ≈ v is balanced. Since the variety S3 contains the semigroups N3, N12 , and Z6 ∼= Z2 × Z3, the iden-
tity u ≈ v satisﬁes all the properties in parts (iv)–(vi) of Lemma 3.2 with n = 6. It follows that the
identity u ≈ v is C-compliant and 6-balanced. Suppose that the identity u ≈ v is non-balanced at
some x ∈ X . Then m(x,u),m(x,v) 2 by Lemma 3.2(vi). Since the 6-balanced identity u ≈ v is non-
balanced at x, it follows that {m(x,u),m(x,v)} = {2,8}. Hence by condition (CF3), it is impossible for
|C(u)| = |C(v)|  2. If |C(u)| = |C(v)| = 1, then {u,v} = {x2, x8}, but this contradicts Lemma 3.2(v)
since the identity x2 ≈ x8 is not balanced and |x2|  3. Consequently, the identity u ≈ v must be
balanced.
(b) implies (c). It follows from Lemma 4.4 that a(x,u) = a(x,u) for all x ∈ X and the appearance
sequences of u and v coincide. It is then easy to see the identity u≈ v must be trivial.
(c) implies (a). This is obvious. 
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hold in every semigroup of order three so that the variety S3 satisﬁes the identities . It remains to
show that any identity u≈ v of the variety S3 is a consequence of the identities . In the presence of
Lemma 4.3, it suﬃces to assume that the identity u≈ v is canonical. The identity u≈ v is then trivial
by Lemma 4.5 and so is vacuously a consequence of the identities . 
Corollary 4.6. The variety S3 is deﬁned by the identities
x8 y ≈ x2 y, xy8 ≈ xy2, x7 yx ≈ xyx, (4.5)
x2 yx ≈ xyx2, xyxzx ≈ x2 yzx, (4.6)
xyxy ≈ x2 y2. (4.7)
Proof. It is obvious that the deductions {(4.1), (4.2), (4.3)}  {(4.5), (4.6), (4.7)} and {(4.5), (4.6),
(4.7)}  {(4.1), (4.2)} hold. Since
xhmxytn y
(4.5)≈ x7hmxy7tn y (4.6)≈ x6hmx2 y7tn y (4.7)≈ (x6hmxyx)y6tn y
(4.6)≈ x7hm(yxy6tn y) (4.6)≈ x7hmy7xtn y (4.5)≈ xhm yxtn y
for any m,n ∈ {0,1}, the deduction {(4.5), (4.6), (4.7)}  (4.3) also holds. 
5. On Theorem 1.1
Lemma A. Let V be any subvariety of S3. Then
V= S3{Λ,Π}
for some Λ ⊆ Λ7 and some set Π of 6-balanced canonical identities.
Lemma B. Let u≈ v be any 6-balanced canonical identity that is C-compliant. Then
S3{u≈ v} = S3
{
Π,u′ ≈ v′}
for some set Π of 6-balanced canonical identities that are ip–fp-compliant and some balanced canonical iden-
tity u′ ≈ v′.
Lemma C. Let u≈ v be any 6-balanced canonical identity that is ip–fp-compliant. Then
S3{u≈ v} = S3{Λ}
for some Λ ⊆ Λ8.
Lemma D. Let u≈ v be any balanced identity that is not a permutation identity. Then
S3{u≈ v} = S3
{
Λ,u′ ≈ v′}
for some Λ ⊆ Λ3 and some identity u′ ≈ v′ that is ip–fp-compliant.
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Proof of Theorem 1.1. Let V be any subvariety of S3. Then by Lemma A,
V= S3{Λ,Π} (5.1)
for some Λ ⊆ Λ7 and some set Π of 6-balanced canonical identities.
Case 1. L12, R
1
2 ∈ V. By Lemma 3.2, parts (i) and (ii), the identities in Π are ip–fp-compliant. There-
fore by Lemma C, there exists some Λ′ ⊆ Λ8 such that S3{Π} = S3{Λ′}. The variety V = S3{Λ,Λ′} is
then ﬁnitely based by Lemma 2.2.
Case 2. Y2 ∈ V. By Lemma 3.2(iii), the identities in Π are C-compliant. It follows from Lemma B
that
S3{Π} = S3
{
Π ′,Π ′′
}
(5.2)
for some set Π ′ of 6-balanced canonical identities that are ip–fp-compliant and some set Π ′′ of
balanced canonical identities. If the set Π ′′ contains some permutation identity, then the variety V
is ﬁnitely based by Lemma 2.1. Therefore assume that the set Π ′′ does not contain any permutation
identity, whence it follows from Lemma D that
S3
{
Π ′′
}= S3{Λ′,Π ′′′} (5.3)
for some Λ′ ⊆ Λ3 and some set Π ′′′ of identities that are ip–fp-compliant. Therefore
V= S3
{
Λ,Λ′
}∩ S3{Π ′,Π ′′′}
by (5.1), (5.2), and (5.3). Now the identities in Π ′ ∪ Π ′′′ are ip–fp-compliant so that by Lemma 3.2,
parts (i) and (ii), the variety S3{Π ′,Π ′′′} contains the monoids L12 and R12. Therefore the variety
S3{Π ′,Π ′′′} is ﬁnitely based by Case 1. The variety S3{Λ,Λ′} is ﬁnitely based by Lemma 2.2. Con-
sequently, the variety V is also ﬁnitely based.
Case 3. Y2 /∈ V. Then it follows from [11] that V = S3{Σ,σ } for some set Σ of C-compliant iden-
tities and some non-C-compliant identity σ . By Lemma 3.2(iii), the subvariety S3{Σ} of S3 contains
the semilattice Y2 and so is ﬁnitely based by Case 2. Consequently, the variety V = S3{Σ} ∩ S3{σ } is
also ﬁnitely based. 
6. On Lemma A
For any identity u≈ v, denote by Bn(u≈ v) the set of all letters of u≈ v at which it is n-balanced,
that is,
Bn(u≈ v) =
{
x ∈ C(uv) ∣∣ m(x,u) ≡ m(x,v) (mod n)}.
Clearly, an identity u≈ v is n-balanced if and only if Bn(u≈ v) = C(uv).
The identities from Λ7 that are required for Lemma A are
x5 ≈ x3, (6.1)
x6 ≈ x3, (6.2)
x8 ≈ x2. (6.3)
10 Y. Luo, W. Zhang / Journal of Algebra 334 (2011) 1–30Lemma 6.1. Let u≈ v be any canonical identity that is non-6-balanced at the letter x1. Then
S3{u≈ v} = S3
{
Λ(1),Π(1)
}
for some set Λ(1) of identities from {(6.1), (6.2), (6.3)} and some set Π(1) of identities u(1) ≈ v(1) that satisfy
the following conditions:
(a) u(1) ≈ v(1) is a canonical identity,
(b) C(u(1)v(1)) = C(uv),
(c) B6(u(1) ≈ v(1)) = B6(u≈ v) ∪ {x1}.
Proof. Without loss of generality, assume that m(x1,u) = e + 1 > m(x1,v) and u = u1xe1u2x1u3 for
some u1,u2,u3 ∈ (X \{x})∗ . Let ϕ1 be the substitution p → x61 for all p ∈ X \{x1}. There are three
cases depending on the value of the difference m(x1,u) − m(x1,v) modulo 6.
Case 1. m(x1,u) − m(x1,v) ≡ d (mod 6) with d ∈ {2,4}. Choose any integer r  0 such that r +
m(x1,v) ≡ 3 (mod 6). Then
x6+r1 (uϕ1)
(4.1)≈ x6+r+m(x1,u)1
(4.1)≈ x6+r+m(x1,v)+d1
(4.1)≈ x3+d1 ,
x6+r1 (vϕ1)
(4.1)≈ x6+r+m(x1,v)1
(4.1)≈ x31,
whence
u≈ v x3 ≈ x3+d ≈ x3+2d ≈ · · · ≈ x3+8 (4.1)≈ x5  (6.1).
Therefore
S3{u≈ v} = S3
{
(6.1),u≈ v}. (6.4)
By the assumption of this case, it is necessary that m(x1,u) 2. There are two subcases.
1.1. m(x1,u) > 2. Then e  2. Let v(1) = v. By Lemma 4.3, there exists some word u(1) in canonical
form such that u(1)
≈ u1xe+6−d1 u2x1u3. Since
u(1)
≈ u1xe+6−d1 u2x1u3
(6.1)≈ u1xe+61 u2x1u3
(4.1)≈ u,
it follows from (6.4) that S3{u≈ v} = S3{(6.1),u(1) ≈ v(1)}. Conditions (a) and (b) clearly hold. Condi-
tion (c) also holds because
m
(
x1,u
(1))= m(x1,u) + 6− d ≡ m(x1,v) = m(x1,v(1)) (mod 6).
1.2. m(x1,u) = 2. Then m(x1,v) = 0 so that x1 /∈ C(v).
1.2.1. |C(u)| = 1. Then u = x21. Let u(1) = x61 and v(1) = v. Let ϕ2 be the substitution x1 → x31 so that
uϕ2 = x61 and vϕ2 = v. Since
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(6.1),u≈ v}  x21 = u≈ v= vϕ2 ≈ uϕ2 ≈ x61 (6.1)≈ x81
 {(6.3),u(1) ≈ v(1)},
{
(6.1), (6.3),u(1) ≈ v(1)}  u (6.3)≈ x81 (6.1)≈ x61 = u(1) ≈ v(1) = v
 u≈ v,
it follows from (6.4) that S3{u ≈ v} = S3{(6.1), (6.3),u(1) ≈ v(1)}. It is easy to verify that the
identity u(1) ≈ v(1) satisﬁes conditions (a), (b), and (c).
1.2.2. |C(u)| 2. Then u= u1x1u2x1u3. Let u(1) = u1x51u2x1u3 and v(1) = v. Since
u
(4.1)≈ u1x71u2x1u3
(6.1)≈ u1x51u2x1u3 = u(1),
it follows from (6.4) that S3{u ≈ v} = S3{(6.1),u(1) ≈ v(1)} where the identity u(1) ≈ v(1) satis-
ﬁes conditions (a), (b), and (c)
Case 2. m(x1,u) − m(x1,v) ≡ 3 (mod 6). Choose any integer r  0 such that r + m(x1,v) ≡
0 (mod 6). Then
x6+r1 (uϕ1)
(4.1)≈ x6+r+m(x1,u)1
(4.1)≈ x6+r+m(x1,v)+31
(4.1)≈ x31,
x6+r1 (vϕ1)
(4.1)≈ x6+r+m(x1,v)1
(4.1)≈ x61,
whence the deduction u ≈ v  (6.2) holds. Thus S3{u ≈ v} = S3{(6.2),u ≈ v}. Let v(1) = v. By
Lemma 4.3, there exists some word u(1) in canonical form such that u(1)
≈ u1xe+31 u2x1u3. Then
S3{(6.2),u≈ v} = S3{(6.2),u(1) ≈ v(1)} since
u(1)
≈ u1xe+31 u2x1u3
(6.2)≈ u1xe+61 u2x1u3
(4.1)≈ u.
Hence S3{u≈ v} = S3{(6.2),u(1) ≈ v(1)}. It is clear that conditions (a) and (b) hold. Since
m
(
x1,u
(1))≡ m(x1,u) + 3≡ m(x1,v) = m(x1,v(1)) (mod 6),
condition (c) also holds.
Case 3. m(x1,u) − m(x1,v) ≡ d (mod 6) with d ∈ {1,5}. Choose any integer r  0 such that r +
m(x1,v) ≡ 4 (mod 6). Then
x6+r1 (uϕ1)
(4.1)≈ x6+r+m(x1,u)1
(4.1)≈ x6+r+m(x1,v)+d1
(4.1)≈ x4+d1 ,
x6+r1 (vϕ1)
(4.1)≈ x6+r+m(x1,v)1
(4.1)≈ x41,
whence
u≈ v x4 ≈ x4+d ≈ x4+5 (4.1)≈ x3  x4 ≈ x3  {(6.1), (6.2)}.
Therefore
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{
(6.1), (6.2),u≈ v}. (6.5)
By the assumption of this case, it is necessary that m(x1,u) 1. There are four subcases.
3.1. m(x1,u) > 2. Then e  2. Let v(1) = v. By Lemma 4.3, there exists some word u(1) in canonical
form such that u(1)
≈ u1xe+6−du2xu3. Since
u(1)
≈ u1xe+6−d1 u2x1u3
(6.1)≈ u1xe+91 u2x1u3
(6.2)≈ u1xe+61 u2x1u3
(4.1)≈ u,
it follows from (6.5) that S3{u≈ v} = S3{(6.1), (6.2),u(1) ≈ v(1)}. Similar to Subcase 1.1, conditions (a),
(b), and (c) hold.
3.2. m(x1,u) = 2 and |C(u)|  2. Then u = u1x1u2x1u3 and m(x1,v) = 1. Let u(1) = u1x61u2x1u3
and v(1) = v. Since
u
(4.1)≈ u1x71u2x1u3
(6.2)≈ u1x41u2x1u3
(6.1)≈ u1x61u2x1u3 = u(1),
it follows from (6.5) that S3{u ≈ v} = S3{(6.1), (6.2),u(1) ≈ v(1)} where the identity u(1) ≈ v(1) satis-
ﬁes conditions (a), (b), and (c).
3.3. m(x1,u) = 2 and |C(u)| = 1. Then u= x21 and m(x1,v) = 1.
3.3.1. C(u) = C(v). Then the identity u ≈ v is x21 ≈ x1 and so it is easy to show by (6.5) that
S3{u ≈ v} = S3{(6.1), (6.2), x71 ≈ x1} where the identity x71 ≈ x1 satisﬁes conditions (a), (b),
and (c).
3.3.2. C(u) 
= C(v). Let u(1) = x71 and v(1) = v. Since
{
(6.1), (6.2),u≈ v}

⎧⎨
⎩
x21 = u= uϕ1 ≈ vϕ1
(4.1)≈ x71
(6.1)≈ x51
(6.2)≈ x81
u(1) = x71
(4.1)≈ vϕ1 ≈ uϕ1 = u≈ v= v(1)
⎫⎬
⎭
 {(6.3),u(1) ≈ v(1)}
and
{
(6.1), (6.2), (6.3),u(1) ≈ v(1)}
 u= x21
(6.3)≈ x81
(6.2)≈ x51
(6.1)≈ x71 = u(1) ≈ v(1) = v
 u≈ v,
it follows from (6.5) that S3{u ≈ v} = S3{(6.1), (6.2), (6.3),u(1) ≈ v(1)}. It is easy to show that
the identity u(1) ≈ v(1) satisﬁes conditions (a), (b), and (c).
3.4. m(x1,u) = 1. Then e = 0 and x1 /∈ C(v) so that u = u1u2x1u3. The identities in Π(1) = {u ≈
u1u2x71u3,v≈ u1u2x61u3} satisfy conditions (a), (b), and (c). Let ϕ3 be the substitution x1 → x61. Since
{
(6.1), (6.2),u≈ v} u ≈ v= vϕ3 ≈ uϕ3 = u1u2x61u3
(6.1)≈ u1u2x41u3
(6.2)≈ u1u2x71u3
 Π(1),
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(6.1), (6.2)
}∪ Π(1)  u ≈ u1u2x71u3 (6.2)≈ u1u2x41u3
(6.1)≈ u1u2x61u3 ≈ v
 u ≈ v,
it follows from (6.5) that S3{u≈ v} = S3{(6.1), (6.2),Π(1)}. 
Lemma 6.2. Let u≈ v be any canonical identity. Then
S3{u≈ v} = S3{Λ,Π}
for some set Λ of identities from {(6.1), (6.2), (6.3)} and some set Π of 6-balanced canonical identities.
Proof. Suppose that u ≈ v is non-6-balanced precisely at the letters x1, . . . , xm . It follows from
Lemma 6.1 that S3{u ≈ v} = S3{Λ(1),Π(1)} for some subset Λ(1) of {(6.1), (6.2), (6.3)} and some
set Π(1) of canonical identities u(1) ≈ v(1) such that C(u(1)v(1)) = C(uv) and B6(u(1) ≈ v(1)) =
B6(u ≈ v) ∪ {x1}. Note that each identity in Π(1) involves the same letters as u ≈ v and is non-6-
balanced precisely at the letters x2, . . . , xm . Therefore Lemma 6.1 can be applied to every identity in
Π(1) resulting in S3{Π(1)} = S3{Λ(2),Π(2)} for some subset Λ(2) of {(6.1), (6.2), (6.3)} and some set
Π(2) of canonical identities u(2) ≈ v(2) such that C(u(2)v(2)) = C(u(1)v(1)) = C(uv) and
B6
(
u(2) ≈ v(2))= B6(u(1) ≈ v(1))∪ {x2} = B6(u≈ v) ∪ {x1, x2}.
Now each identity in Π(2) involves the same letters as u ≈ v and is non-6-balanced precisely at the
letters x3, . . . , xm . It is easy to see how the sets Λ(i) and Π(i) can be obtained for 3  i  m. Let
Λ = Λ(1) ∪ · · · ∪ Λ(m) and Π = Π(m) . Then Λ is some subset of {(6.1), (6.2), (6.3)} and each identity
u(m) ≈ v(m) in Π is 6-balanced since C(u(m)v(m)) = C(uv) and
B6
(
u(m) ≈ v(m))= B6(u≈ v) ∪ {x1, . . . , xm}.
Therefore
S3{u≈ v} = S3
{
Λ(1),Π(1)
}
= S3
{
Λ(1),Λ(2),Π(2)
}
...
= S3
{
Λ(1),Λ(2), . . . ,Λ(m),Π(m)
}
= S3{Λ,Π}
as required. 
Proof of Lemma A. It is easy to see that Lemma A follows from Lemmas 4.3 and 6.2. 
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For any identity u ≈ v, denote by B(u ≈ v) the set of all letters of u ≈ v at which it is balanced,
that is,
B(u≈ v) = {x ∈ C(uv) ∣∣ m(x,u) = m(x,v)}.
Clearly, an identity u≈ v is balanced if and only if B(u≈ v) = C(uv).
Remark 7.1. Suppose that u ≈ v is any canonical 6-balanced identity such that 1  m(x,u) < m(x,v)
for some x ∈ X . Since m(x,u) ≡ m(x,v) (mod 6), it follows from (CF2) and (CF3) that there can only
be two possibilities:
(a) (m(x,u),m(x,v)) = (2,8),
(b) (m(x,u),m(x,v)) = (1,7).
Note that by (CF3), it is necessary that v= x8 in (a).
Lemma 7.2. Let u ≈ v be any 6-balanced canonical identity that is C-compliant. Suppose that u ≈ v is non-
balanced at the letter x1. Then
S3{u≈ v} = S3
{
p(1) ≈ q(1),u(1) ≈ v(1)}
for some 6-balanced canonical identity p(1) ≈ q(1) that is ip–fp-compliant and some 6-balanced canonical
identity u(1) ≈ v(1) such that C(u(1)v(1)) = C(uv) and B(u(1) ≈ v(1)) = B(u≈ v) ∪ {x1}.
Proof. Without loss of generality, assume that 1 m(x1,u) < m(x1,v). If the identity u ≈ v involves
only one letter, then it can only be x21 ≈ x81, whence the lemma holds by letting p(1) ≈ q(1) be x21 ≈ x81
and u(1) ≈ v(1) be x1 ≈ x1. Therefore assume that the identity u ≈ v involves at least two distinct
letters. Then m(x1,u) = 1 and m(x1,v) = 7 as observed in Remark 7.1. Let ϕ be the substitution
x1 → x71. It is clear that the word uϕ is in canonical form so that identities uϕ ≈ u and uϕ ≈ v are
6-balanced canonical identities. Since
u≈ v uϕ ≈ vϕ (4.1)≈ v≈ u,
it follows that S3{u≈ v} = S3{uϕ ≈ u,uϕ ≈ v}. The lemma now holds by letting uϕ ≈ u be p(1) ≈ q(1)
and uϕ ≈ v be u(1) ≈ v(1) . 
Proof of Lemma B. Suppose that the identity u≈ v is non-balanced precisely at the letters x1, . . . , xm .
It follows from Lemma 7.2 that
S3{u≈ v} = S3
{
p(1) ≈ q(1),u(1) ≈ v(1)}
for some identity p(1) ≈ q(1) that is ip–fp-compliant and some 6-balanced canonical identity
u(1) ≈ v(1) such that C(u(1)v(1)) = C(uv) and
B
(
u(1) ≈ v(1))= B(u≈ v) ∪ {x1}.
For 1< i m, the same lemma can be applied to obtain
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{
u(i−1) ≈ v(i−1)}= S3{p(i) ≈ q(i),u(i) ≈ v(i)}
for some identity p(i) ≈ q(i) that is ip–fp-compliant and some 6-balanced canonical identity u(i) ≈ v(i)
such that C(u(i)v(i)) = C(uv) and
B
(
u(i) ≈ v(i))= B(u≈ v) ∪ {x1, . . . , xi}.
Let Π = {p(i) ≈ q(i) | 1 i m} and let u′ ≈ v′ be u(m) ≈ v(m) . Then
S3{u≈ v} = S3
{
p(1) ≈ q(1),u(1) ≈ v(1)}
= S3
{
p(1) ≈ q(1),p(2) ≈ q(2),u(2) ≈ v(2)}
...
= S3
{
p(1) ≈ q(1), . . . ,p(m) ≈ q(m),u(m) ≈ v(m)}
= S3
{
Π,u′ ≈ v′}.
The canonical identity u′ ≈ v′ is balanced since it satisﬁes the conditions that C(u′v′) = C(uv) and
B(u′ ≈ v′) = B(u≈ v) ∪ {x1, . . . , xm}. 
8. On Lemma C
The identities in Λ8 that are required in Lemma C are
(8.1r): h1 · · ·hx7t1 · · · tr ≈ h1 · · ·hxt1 · · · tr,
(8.1∞ ): h1 · · ·hx7t2 ≈ h1 · · ·hxt2,
(8.1r∞): h2x7t1 · · · tr ≈ h2xt1 · · · tr,
(8.1∞∞): h2x7t2 ≈ h2xt2,
(8.1†): hx7h ≈ hxh,
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
(8.1)
where , r ∈ {0,1, . . .}.
Proof of Lemma C. Let u ≈ v be any 6-balanced canonical identity that is ip–fp-compliant. If u ≈ v is
an identity of S3, then the lemma clearly holds with Λ = ∅. Therefore assume that u ≈ v is not an
identity of S3, whence it follows from Lemma 4.5 that u≈ v is non-balanced, that is,
(a) m(x,u) ≡ m(x,v) (mod 6) for all x ∈ X , and
(b) m(x,u) 
= m(x,v) for some x ∈ X .
If |C(u)| = 1, then since u≈ v is a canonical identity, it follows from (a), (b), and (CF2) that S3{u≈ v}
is either S3{x7 ≈ x} or S3{x8 ≈ x2}. Therefore assume that |C(u)| 2. It follows from Lemma 4.4 that
a(x,u) = a(x,v) for any x ∈ X and the appearance sequences of u and v coincide. Let x1 · · · xm be the
appearance sequence of u and v so that
u= xe11 · · · xemm and v= x f11 · · · x fmm
for some ei, f i ∈ {1,2, . . . ,7} with xi 
= xi+1. Note that by (a), (CF3), and (CF4),
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f i+k = 1, whence m(xi,u) = m(xi,v).
Let u(0) = u and v(0) = v. Let  be the least such that u(0) ≈ v(0) is non-balanced at x . It follows
from (c) that xi 
= x for all i 
= , whence (e, f) ∈ {(1,7), (7,1)} by (a). Therefore
u(0) = xe11 · · · xe−1−1 xe xe+1+1 · · · xemm ,
v(0) = xe11 · · · xe−1−1 x f x f+1+1 · · · x fmm .
Let
u(1) = xe11 · · · xe−1−1 xdxe+1+1 · · · xemm ,
v(1) = xe11 · · · xe−1−1 xdx f+1+1 · · · x fmm ,
where either d = 1 or d = 7. It is ﬁrst shown that
S3
{
u(0) ≈ v(0)}= S3{u(1) ≈ v(1),Λ(1)}
for some subset Λ(1) of (8.1). There are two cases to consider depending on whether or not the sets
{x1, . . . , x−1} and {x+1, . . . , xm} are disjoint.
Case 1. {x1, . . . , x−1} ∩ {x+1, . . . , xm} 
= ∅. Then xi = x j for some i, j with i <  < j. Let ϕ1 be the
substitution xk → z6 for all k 
= . Then
u(0) ≈ v(0)  zxe z
(4.1)≈ z(u(0)ϕ1)z ≈ z(v(0)ϕ1)z (4.1)≈ zx f z
 (8.1†)
so that S3{u(0) ≈ v(0)} = S3{u(0) ≈ v(0), (8.1†)}. If e = 7, then the deduction (8.1†) u(0) ≈ u(1) holds
with d = 1 since
u(0) = · · · xi · · · x7 · · · x j · · ·
(4.1)≈ · · · xi · · · x6i x7x6i · · · x j · · ·
(8.1†)≈ · · · xi · · · x6i xx6i · · · x j · · ·
(4.1)≈ · · · xi · · · x · · · x j · · ·
= u(1).
Similarly, if f = 7, then the deduction (8.1†)  v(0) ≈ v(1) holds with d = 1. Hence S3{u(0) ≈ v(0)} =
S3{u(1) ≈ v(1), (8.1†)} with d = 1.
Case 2. {x1, . . . , x−1} ∩ {x+1, . . . , xm} = ∅.
2.1. ei = 1 for all i <  and (e j, f j) = (1,1) for all j > . Then the identity u(0) ≈ v(0) is (8.1m−−1 )
so that S3{u(0) ≈ v(0)} = S3{u(1) ≈ v(1), (8.1m−−1 )} (where u(1) ≈ v(1) is a trivial identity regardless of
the value of d).
2.2. ei = 1 for all i <  and (e j, f j) 
= (1,1) for some j > . Let ϕ2 be the substitution x j → y6 for
all j > . Then
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(4.1)≈ (u(0)ϕ2)y2 ≈ (v(0)ϕ2)y2 (4.1)≈ x1 · · · x−1x f y2
 (8.1∞−1)
so that S3{u(0) ≈ v(0)} = S3{u(0) ≈ v(0), (8.1∞−1)}. By symmetry, it suﬃces to assume that e j 
= 1 for
some j > . Then the identity (8.1∞−1) can be used to convert the exponent e of u(0) from one to
seven or from seven to one, that is,
u(0) = x1 · · · x−1xe xe+1+1 · · · x
e j−1
j−1 x
e j
j · · ·
(8.1∞−1)≈ x1 · · · x−1xe
(
x
e+1
+1 · · · x
e j−1
j−1
)7
x
e j
j · · ·
(8.1∞−1)≈ x1 · · · x−1xd
(
x
e+1
+1 · · · x
e j−1
j−1
)7
x
e j
j · · ·
(8.1∞
−1)≈ x1 · · · x−1xdxe+1+1 · · · x
e j−1
j−1 x
e j
j · · ·
where d = f ∈ {1,7}. Thus the identity (8.1∞−1) can be used to convert the identity u(0) ≈ v(0) into
u(1) ≈ v(1) . Hence S3{u(0) ≈ v(0)} = S3{u(1) ≈ v(1), (8.1∞−1)} for some d ∈ {1,7}.
2.3. ei  2 for some i <  and (e j, f j) = (1,1) for all j > . This is symmetrical to Subcase 2.2.
Hence S3{u(0) ≈ v(0)} = S3{u(1) ≈ v(1), (8.1m−∞ )} for some d ∈ {1,7}.
2.4. ei  2 for some i <  and (e j, f j) 
= (1,1) for some j > . Let ϕ3 be the substitution
xi →
{
y6 if i < ,
z6 if i > .
Then
(4.1)  y2xe z2
(4.1)≈ y2(u(0)ϕ3)z2 ≈ y2(v(0)ϕ3)z2 (4.1)≈ y2x f z2
 (8.1∞∞)
so that S3{u(0) ≈ v(0)} = S3{u(0) ≈ v(0), (8.1∞∞)}. By symmetry, it suﬃces to assume that e j  2 for
some j > . By assumption, ei  2 for some i < . Then the identities {(4.1), (8.1∞∞)} can be used to
convert the exponent e of u(0) from one to seven or from seven to one, that is,
u(0) = · · · xeii · · · xe · · · x
e j
j · · ·
(8.1∞∞)≈ · · · xeii
(· · · xe · · ·)7xe jj · · ·
(4.1)≈ · · · xeii
(· · · xd · · ·)7xe jj · · ·
(8.1∞∞)≈ · · · xeii · · · xd · · · x
e j
j · · ·
where d = f ∈ {1,7}. Thus the identities {(4.1), (8.1∞∞)} can be used to convert u(0) ≈ v(0) into
u(1) ≈ v(1) , whence S3{u(0) ≈ v(0)} = S3{u(1) ≈ v(1), (8.1∞∞)} for some d ∈ {1,7}.
Now note that if 1 is the least such that u(1) ≈ v(1) is non-balanced at x1 , then  < 1. For any
i  1, if the identity u(i) ≈ v(i) is nontrivial, then the procedure in Cases 1 and 2 can be repeated to
construct an identity u(i+1) ≈ v(i+1) and some subset Λ(i+1) of (8.1) such that
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v(i+1) is non-balanced at xi+1 , then i < i+1;
• S3{u(i) ≈ v(i)} = S3{u(i+1) ≈ v(i+1),Λ(i+1)}.
The construction of u(0) ≈ v(0),u(1) ≈ v(1), . . . and Λ(1),Λ(2), . . . cannot continue indeﬁnitely since
the indices 1, 2, . . . form an increasing sequence that is bounded above by m. This implies that the
identity u(k) ≈ v(k) must be trivial for some suﬃciently large k. Let Λ = Λ(1) ∪ · · · ∪ Λ(k) . Then
S3{u≈ v} = S3
{
u(1) ≈ v(1),Λ(1)}
= S3
{
u(2) ≈ v(2),Λ(1),Λ(2)}
...
= S3
{
u(k) ≈ v(k),Λ(1),Λ(2), . . . ,Λ(k)}
= S3{Λ}
as required. 
9. On Lemma D
The identities from Λ3 that are required in Lemma D are
xhyztx≈ xhzytx, xhyzx ≈ xhzyx, xyztx ≈ xzytx, xyzx ≈ xzyx, (9.1)
and
(9.2em): h1 · · ·hmxe y2 ≈ h1 · · ·hmyxe y,
(9.2e∞): h21h2xe y2 ≈ h21h2 yxe y,
(9.2e†): h
2xe y2 ≈ h2 yxe y,
(9.2e‡): hx
e y2h ≈ hyxe yh,
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
(9.2)
(9.3em): x
2 yet1 · · · tm ≈ xyext1 · · · tm,
(9.3e∞): x2 yet1t22 ≈ xyext1t22,
(9.3e†): x
2 yet2 ≈ xyext2,
(9.3e‡): tx
2 yet ≈ txyext,
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
(9.3)
where m ∈ {0,1, . . .} and e ∈ {1,2}.
Lemma 9.1.
(i) S3{(9.21† ), (9.31‡ )} = S3{(9.31† ), (9.21‡ )}.
(ii) S3{(9.22† )} = S3{(9.22‡ )}.
Proof. (i) The deduction (9.31† ) (9.31‡ ) is easy to establish. Since
{(
9.31†
)
,
(
9.21‡
)}
 x2 yzy
(4.1)≈ x2 yzy7
(9.31† )≈ xyzxy7
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1
‡ )≈ xzy7xy
(4.1)≈ xzyxy (4.3)≈ xzxy2
(9.31† )≈ x2zy2
 (9.21† ),
the inclusion S3{(9.21† ), (9.31‡ )} ⊇ S3{(9.31† ), (9.21‡ )} holds. By symmetry, the inclusion S3{(9.21† ),
(9.31‡ )} ⊆ S3{(9.31† ), (9.21‡ )} also holds.
(ii) The inclusion S3{(9.22† )} ⊆ S3{(9.22‡ )} is easy to establish. Since
(
9.22‡
)
 h2x2 y2
(9.4)≈ hxyhxy (4.1)≈ hx7 y7hxy (4.2)≈ hx2 y2hx6 y6
(9.22‡ )≈ hyx2 yhx6 y6 (4.2)≈ hyxhx7 y7 (4.1)≈ (hyxhx)y
(4.3)≈ hyhx2y (4.3)≈ h2 yx2 y
 (9.22† ),
the inclusion S3{(9.22† )} ⊇ S3{(9.22‡ )} holds. 
Lemma 9.2. The identities (4.1) and xyzx ≈ xzyx imply the identities (9.1).
Proof. The identities (4.1) and xyzx ≈ xzyx imply the ﬁrst identity in (9.1) since
xhyztx
(4.1)≈ xh(x6 yzx6)tx≈ xhx6zyx6tx (4.1)≈ xhzytx.
The other deductions can be obtained very similarly. 
Lemma 9.3. The identities imply the identity
(x1 · · · xn)r ≈ xr1 · · · xrn (9.4)
for any n, r  2.
Proof. Let αrn denote the identity (x1 · · · xn)r ≈ xr1 · · · xrn . The identities  clearly imply the identity α22 .
Since
αk2  (x1x2)k+1 = (x1x2)kx1x2
αk2≈ xk1xk2x1x2
(4.2)≈ xk1x2x1xk2
(4.3)≈ xk+11 xk+12
 αk+12 ,
the identities  imply the identity αr2 for any r  2. Denote by ϕ the substitution xk → xkxk+1. Since
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αr2,α
r
k
}  (x1 · · · xk−1xkxk+1)r = ((x1 · · · xk−1xk)r)ϕ
αrk≈ (xr1 · · · xrk−1xrk)ϕ
= xr1 · · · xrk−1(xkxk+1)r
αr2≈ xr1 · · · xrk−1xrkxrk+1
 αrk+1,
the identities  imply the identity αrn for any n, r  2. 
Let x and y be any letters in a word w. The expression x ≺w y indicates the condition that x
precedes y in w, that is, within w, the ﬁrst x occurs before the ﬁrst y.
Lemma 9.4. Let u ≈ v be any balanced identity that is not a permutation identity. Suppose that y and z are
simple letters of u≈ v such that
u= u1 yu2zu3 and v= v1zv2 yv3
where u1,u2,u3,v1,v2,v3 ∈ (X \{y, z})∗ and all letters of u2 are non-simple in u. Then
S3{u≈ v} = S3
{
u	 ≈ v,Λ}
where u	 = u1zu2 yu3 and Λ is some subset of {(9.1), (9.2), (9.3)}.
Proof. Denote by ϕ1 the substitution p → x6 for all p ∈ X \{y, z}. Since
u≈ v xyzx (4.1)≈ x(uϕ1)x ≈ x(vϕ1)x
(4.1)≈ xzyx  xyzx ≈ xzyx,
it follows from Lemma 9.2 that
S3{u≈ v} = S3
{
u≈ v, (9.1)}. (9.5)
If C(u1) ∩ C(u3) 
= ∅, say x ∈ C(u1) ∩ C(u3), then since
u
(4.1)≈ u1x6 yu2zx6u3
(9.1)≈ u1x6zu2 yx6u3
(4.1)≈ u	,
it follows from (9.5) that S3{u ≈ v} = S3{u	 ≈ v, (9.1)}. Therefore it suﬃces to assume that C(u1) ∩
C(u3) = ∅. There are four cases.
Case 1. u1 and u3 each contains some non-simple letter of u.
1.1. C(u1) ∩ C(u2) 
= ∅ and C(u2) ∩ C(u3) 
= ∅. By assumption, u1 = u′1hu′′1 and u3 = u′3tu′′3 for
some u′1,u′′1,u′3,u′′3 ∈ X ∗ and h, t ∈ C(u2). Denote by 
7 the substitution p → p7 for all p ∈ X . Since
all letters in w= h6u2t6 are non-simple in u,
u
(4.1)≈ u′1hu′′1 ywzu′3tu′′3
(4.1)≈ u′1hu′′1 y(w
7)zu′3tu′′3
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(9.1)≈ u1wyw5zwu3.
Therefore the deduction (9.1)  u ≈ u1wyw5zwu3 holds. Similarly, the deduction (9.1)  u	 ≈
u1wzw5 ywu3 also holds. Since
(9.1) u
(9.1)≈ u1wyw5zwu3
(9.1)≈ u1wzw5 ywu3
(9.1)≈ u	,
it follows from (9.5) that S3{u≈ v} = S3{u	 ≈ v, (9.1)}.
1.2. C(u1) ∩ C(u2) = ∅. Denote by ϕ2 the substitution
p →
⎧⎪⎨
⎪⎩
x6 if p ∈ C(u1),
x6 y if p = y,
z6 if p ∈ C(u2zu3).
Then x2(uϕ2)z2
(4.1)≈ x2 yz2 and
x2(vϕ2)z
2 = x2(v1ϕ2)z6(v2ϕ2)x6 y(v3ϕ2)z2
(9.1)≈ x2(v1ϕ2)z6(v2ϕ2)(v3ϕ2)x6 yz2
(4.2)≈ x7(v1ϕ2)z7(v2ϕ2)(v3ϕ2)xyz
(4.1)≈ xzxyz
(4.3)≈ x2zyz,
where the second last deduction holds since v1ϕ2, v2ϕ2, and v3ϕ2 are words over {x6, z6}. Hence
S3{u≈ v} = S3{u≈ v, (9.1), (9.21† )} by (9.5). Since
u
(4.1)≈ u′1h7u′′1 yu2zu′3t7u′′3
(9.21† )≈ u′1h7tu′′1 yu2zu′3t6u′′3
(9.1)≈ u′1h7tu′′1zu2 yu′3t6u′′3
(9.21† )≈ u′1h7u′′1zu2 yu′3t7u′′3
(4.1)≈ u	,
it follows that S3{u≈ v} = S3{u	 ≈ v, (9.1), (9.21† )}.
1.3. C(u2) ∩ C(u3) = ∅. Then S3{u ≈ v} = S3{u	 ≈ v, (9.1), (9.31† )} by an argument symmetrical to
Subcase 1.2.
Case 2. Every letter in u1 is simple in u and some letter in u3 is non-simple in u. Suppose that
u1 = x1 · · · x for some   0. Let m be the largest such that x1 · · · xm is a preﬁx of v. Since z /∈
{x1, . . . , x}, the word x1 · · · xm is necessarily a preﬁx of v1. Let h be the letter in u that immediately
follows xm . (Then
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{
xm+1 ifm < ,
y ifm = ,
and h is simple in u ≈ v. It follows that h is not the letter in v that immediately follows xm .) Denote
by ϕ3 the substitution p → z6 for all p ∈ X \{x1, . . . , xm,h}. Since
u≈ v x1 · · · xmhz2
(4.1)≈ (uϕ3)z2 ≈ (vϕ3)z2
(4.1)≈ x1 · · · xmz6hz2
(4.2)≈ x1 · · · xmz7hz
(4.1)≈ x1 · · · xmzhz
 (9.21m),
it follows from (9.5) that S{u ≈ v} = S{u ≈ v, (9.1), (9.21m)}. By assumption, the word u3 contains
some non-simple letter, say t . Since
u
(4.1)≈ x1 · · · xm · · · yu2z · · · t7 · · ·
(9.21m)≈ x1 · · · xmt · · · yu2z · · · t6 · · ·
(9.1)≈ x1 · · · xmt · · · zu2 y · · · t6 · · ·
(9.21m)≈ x1 · · · xm · · · zu2 y · · · t7 · · ·
(4.1)≈ u	,
it follows that S{u≈ v} = S{u	 ≈ v, (9.1), (9.21m)}.
Case 3. Some letter in u1 is non-simple in u and every letter in u3 is simple in u. This is symmet-
rical to Case 2. Hence S{u≈ v} = S{u	 ≈ v, (9.1), (9.31m)} for some m 0.
Case 4. Every letter in u1 and u3 is simple in u. Suppose that u1 = x1 · · · x and u3 = zr · · · z1 for
some , r  0. Let m and n be the largest such that x1 · · · xm is a preﬁx of v and zn · · · z1 is a suﬃx
of v. It follows from arguments in Cases 2 and 3 that S{u ≈ v} = S{u ≈ v, (9.1), (9.21m), (9.31n)}. By
assumption, all letters in u2 are non-simple in u; let t be one of these non-simple letters. Since
u
(4.1)≈ x1 · · · xm · · · y · · · t7 · · · z · · · zn · · · z1
(9.21m)≈ x1 · · · xmt · · · y · · · t6 · · · z · · · zn · · · z1
(9.31n)≈ x1 · · · xmt · · · y · · · t5 · · · z · · · tzn · · · z1
(9.1)≈ x1 · · · xmt · · · z · · · t5 · · · y · · · tzn · · · z1
(9.21m)≈ x1 · · · xm · · · z · · · t6 · · · y · · · tzn · · · z1
(9.31n)≈ x1 · · · xm · · · z · · · t7 · · · y · · · zn · · · z1
(4.1)≈ u	,
it follows that S{u≈ v} = S{u	 ≈ v, (9.1), (9.21m), (9.31n)}. 
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(P) p ≺u q if and only if p ≺v q
for any of its simple letters p and q. Suppose that y is a simple letter and z is a non-simple letter of u≈ v such
that y ≺u z and z ≺v y, say
u= u1 yu2zu3 and v= v1zv2 yv3
for some u1,u2,u3,v1,v2,v3 ∈ (X \{y})∗ with z ∈ C(u3v2v3)\C(u1u2v1). Then
S3{u≈ v} = S3
{
u	 ≈ v,Λ}
where u	 = u1zyu2u3 and Λ is some subset of (9.2).
Proof. Denote by ϕ1 the substitution
p →
⎧⎪⎨
⎪⎩
x6 if p ∈ X \{y, z},
yz2 if p = y,
z6 if p = z.
Since
u≈ v xyz2x (4.1)≈ x(uϕ1)x ≈ x(vϕ1)x
(4.1)≈ xz6 yz2x (4.2)≈ xz7 yzx (4.1)≈ xzyzx
 (9.21‡ ),
it follows that
S3{u≈ v} = S3
{
u≈ v, (9.21‡ )}. (9.6)
By assumption, u3 = u′3zu′′3 for some u′3,u′′3 ∈ X ∗ . If C(u1) ∩ C(u3) 
= ∅, say x ∈ C(u1) ∩ C(u3) 
= ∅,
then since
u
(4.1)≈ u1
(
x6 yu2z
7x6
)
u′3zu′′3
(9.21‡ )≈ u1x6
(
zyu2z
6x6u′3z
)
u′′3
(4.1)≈ u	,
it follows from (9.6) that S3{u ≈ v} = S3{u	 ≈ v, (9.21‡ )}. Therefore it suﬃces to assume that C(u1) ∩
C(u3) = ∅. There are two cases.
Case 1. Every letter in u1 is simple in u. Then u1 = x1 · · · x for some  0. The letters x1, . . . , x, y
are simple in v and so by (P), they occur in v in the same order relative to each other. Therefore
v1zv2 = w0x1w1 · · · xw for some w0, . . . ,w ∈ X ∗ such that the letters of w0, . . . ,w are all non-
simple in v. (Note that z is a letter in some wi so that the words w0, . . . ,w cannot be all empty.)
Denote by ϕ2 the substitution p → z6 for all p ∈ X \{x1, . . . , x, y}. Since
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2 (4.1)≈ x1 · · · x yz2,
(vϕ2)z
2 (4.1)≈ (w0ϕ2)x1(w1ϕ2) · · · x(wϕ2)yz2,
the identities in {u≈ v, (4.1)} imply the identity
x1 · · · x yz2 ≈ (w0ϕ2)x1(w1ϕ2) · · · x(wϕ2)yz2. (9.7)
As observed earlier, some wi is nonempty so that wiϕ2
(4.1)≈ z6 for some i. Therefore
(9.7) x1 · · · xzyz
(4.1)≈ x1 · · · xz7 yz
(4.2)≈ x1 · · · x
(
z6 y
)
z2
(9.7)≈ (w0ϕ2)x1(w1ϕ2) · · · x(wϕ2)
(
z6 y
)
z2
(4.1)≈ (w0ϕ2)x1(w1ϕ2) · · · x(wϕ2)yz2
(9.7)≈ x1 · · · x yz2
 (9.21),
whence S3{u≈ v} = S3{u≈ v, (9.21), (9.21‡ )} by (9.6). Since
u
(4.1)≈ (x1 · · · x yu2z7)u′3zu′′3
(9.21)≈ x1 · · · x
(
zyu2z
6u′3z
)
u′′3
(4.1)≈ u	,
it follows that S3{u≈ v} = S3{u	 ≈ v, (9.21), (9.21‡ )}.
Case 2. Some letter in u1 is non-simple in u.
2.1. C(u1) ∩ C(u2) 
= ∅. Then u1 = u′1hu′′1 and u2 = u′2hu′′2 for some h ∈ X and u′1,u′′1,u′2,u′′2 ∈ X ∗ .
Denote by 
7 the substitution p → p7 for all p ∈ X . Since the letters in u2 are all non-simple in u by
assumption,
u = u′1hu′′1 yu′2hu′′2zu′3zu′′3
(4.1)≈ u′1hu′′1 yu′2h
(
u′′2z
)

7u
′
3zu
′′
3
(9.4)≈ u′1
(
hu′′1 yu′2h
(
u′′2z
)7)
u′3zu′′3
(4.3)≈ u′1hu′′1 yu′2
(
u′′2z
)
h
(
u′′2z
)6
u′3zu′′3
(9.4)≈ u′1hu′′1 yu′2
(
u′′2z
)
h
(
u′′2
)6
z6u′3zu′′3
(4.1)≈ u′1hu′′1
(
h6 yu′2u′′2z7h
)(
u′′2
)6
u′3zu′′3
Y. Luo, W. Zhang / Journal of Algebra 334 (2011) 1–30 25(9.21‡ )≈ u′1hu′′1h6
(
zyu′2u′′2z6h
(
u′′2
)6
u′3z
)
u′′3
(4.1)≈ u′1
(
hu′′1zyu′2u′′2h
(
u′′2
)6)
u′3zu′′3
(4.3)≈ u′1hu′′1zyu′2h
(
u′′2
)7
u′3zu′′3
(9.4)≈ u′1hu′′1zyu′2h
(
u′′2
)

7u
′
3zu
′′
3
(4.1)≈ u′1hu′′1zyu′2hu′′2u′3zu′′3
= u	.
Therefore it follows from (9.6) that S3{u≈ v} = S3{u	 ≈ v, (9.21‡ )}.
2.2. C(u1) ∩ C(u2) = ∅. Denote by ϕ3 the substitution
p →
⎧⎪⎨
⎪⎩
x6 if p ∈ C(u1),
x6 y if p = y,
z6 if p ∈ C(u2zu3).
Then x2(uϕ3)z2
(4.1)≈ x2 yz2 and
x2(vϕ3)z
2 = x2(v1ϕ3)z6(v2ϕ3)x6 y(v3ϕ3)z2
(4.2)≈ x7(v1ϕ3)z7(v2ϕ3)xy(v3ϕ3)z
(4.1)≈ x(v1ϕ3)z(v2ϕ3)xy(v3ϕ3)z,
where v1ϕ3, v2ϕ3, and v3ϕ3 are possibly empty words over {x6, z6}. By applying the identities (4.1)
to the word x(v1ϕ3)z(v2ϕ3)xy(v3ϕ3)z,
• the factors v1ϕ3 and v2ϕ3 can be eliminated,
• all multiples of z6 can be eliminated from v3ϕ3, and
• if x6 is some factor of v3ϕ3, then all except one multiple of x6 can be eliminated.
Therefore x(v1ϕ3)z(v2ϕ3)xy(v3ϕ3)z
(4.1)≈ xzxyxr z for some r ∈ {0,6}, whence the identities in  ∪
{u≈ v} imply the identity
x2 yz2 ≈ xzxyxr z. (9.8)
If r = 6 in (9.8), then
{(
9.21‡
)
, (9.8)
}
 x2 yz2
(9.8)≈ xzxyx6z (4.2)≈ xzyx7z
(4.1)≈ (xzyz6x)z (9.2
1
‡ )≈ xyz7xz
(4.1)≈ xyzxz (4.3)≈ xyxz2
 (9.31† ),
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deduction also holds since
{(
9.21‡
)
,u≈ v} (9.8)
 x2 yz2
(9.8)≈ xzxyz (4.3)≈ x2zyz
 (9.21† ).
Therefore it follows from (9.6) that S3{u≈ v} = S3{u≈ v, (9.21† ), (9.21‡ )} independent of the value of r.
Since
u
(4.1)≈ u′1
(
h7u′′1 yu2z7
)
u′3zu′′3
(9.21† )≈ u′1h7
(
zu′′1 yu2z6u′3z
)
u′′3
(4.1)≈ u′1
(
h7zu′′1z6
)
yu2u
′
3zu
′′
3
(9.21† )≈ u′1h7u′′1z7 yu2u′3zu′′3
(4.1)≈ u	,
it follows that S3{u≈ v} = S3{u	 ≈ v, (9.21† ), (9.21‡ )}. 
Lemma 9.6. Let u≈ v be any balanced identity that satisﬁes the property
(Q) p ≺u q if and only if p ≺v q
for all pairs (p;q) such that p is a simple letter and q is a non-simple letter of u≈ v. Suppose that y and z are
non-simple letters of u≈ v such that y ≺u z and z ≺v y, say
u= u1 yu2zu3 and v= v1zv2 yv3
for some u1,u2,u3,v1,v2,v3 ∈ X ∗ with y ∈ C(u2u3)\C(u1), z ∈ C(u3)\C(u1u2), y ∈ C(v3)\C(v1v2), and
z ∈ C(v2v3)\C(v1). Then
S3{u≈ v} = S3
{
u	 ≈ v,Λ}
where u	 = u1zyu2u3 and Λ is some subset of (9.2).
Proof. Suppose that x ∈ C(u2) is simple in u so that x ≺u z. Then x ≺v z by (Q), whence x ∈ C(v1). It
follows that x ≺v y, which is impossible since x ⊀u y. Consequently, every letter in u2 is non-simple
in u.
Denote by ϕ1 the substitution
p →
⎧⎪⎨
⎪⎩
x6 if p ∈ X \{y, z},
y6 if p = y,
z6 if p = z.
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x(uϕ1)y
2z2x
(4.1)≈ xy6z6 y2z2x (4.2)≈ xy7z7 yzx (4.1)≈ xyzyzx (4.3)≈ xy2z2x,
x(vϕ1)y
2z2x
(4.1)≈ xz6 y2z2x (4.2)≈ xz7 y2zx (4.1)≈ xzy2zx.
Therefore it follows from Lemma 9.1(ii) that S3{u≈ v} = S3{u≈ v, (9.22† )}. By assumption, u3 = u′3zu′′3
for some u′3,u′′3 ∈ X ∗ . Denote by 
7 the substitution p → p7 for all p ∈ X . Since every letter in u2 is
non-simple in u,
u
(4.1)≈ u1 y7(u2
7)z7u′3zu′′3
(9.4)≈ u1 y7u72z7u′3zu′′3
(4.3)≈ u1 y7u62zu2z6u′3zu′′3
(4.2)≈ u1
(
y7u22z
2)u52z5u′3zu′′3
(9.22† )≈ u1 y7
(
zu22zu
5
2z
5u′3z
)
u′′3
(4.2)≈ u1 y7z7u72u′3zu′′3
(9.4)≈ u1 y7z7(u2
7)u3
(4.1)≈ u1 yzu2u3.
Hence
S3{u≈ v} = S3
{
uˆ≈ v, (9.22† )} where uˆ= u1 yzu2u3. (9.9)
There are three cases.
Case 1. C(u1) ∩ C(u2u3) 
= ∅, say x ∈ C(u1) ∩ C(u2u3). Then
uˆ
(4.1)≈ u1x6 y7z7u2u′3zu′′3
(4.3)≈ u1(x6 y6z2)yz5u2u′3zu′′3
(9.22† )≈ u1x6(zy6zyz5u2u′3z)u′′3
(4.2)≈ u1x6z7 y7u2u′3zu′′3
(4.1)≈ u	
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(9.10)
so that S3{u≈ v} = S3{u	 ≈ v, (9.22† )} by (9.9).
Case 2. t = t(u1) is non-simple in u. Then uˆ
(4.1)≈ u1t6 y7z7u2u′3zu′′3. Repeat the deductions in (9.10),
with x = t , to obtain S3{u≈ v} = S3{u	 ≈ v, (9.22† )}.
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(i) t ≺u y, t ≺u z, and
(ii) x ≺u t if and only if x ∈ C(u1)\{t}.
It follows from (i) and (Q) that t ≺v y and t ≺v z. Hence t ∈ C(v1) and v1 = v′1tv′′1 for some v′1,v′′1 ∈ X ∗ .
Further, it follows from (i), (ii), and (Q) that C(u1)\{t} = C(v′1) and C(v′1) ∩ C(v′′1zv2 yv3) = ∅. Denote
by ϕ2 the substitution
p →
⎧⎪⎨
⎪⎩
x6 if p ∈ C(u1)\{t},
y6 if p = y,
z6 if p ∈ C(zu2u3)\{y}.
Then the deduction uˆ≈ v (9.22∞) holds since
x2(uˆϕ2)y
2z2
(4.1)≈ x2ty6z6 y2z2 (4.2)≈ x2ty7z7 yz (4.1)≈ x2tyzyz (4.3)≈ x2ty2z2,
x2(vϕ2)y
2z2
(4.1)≈ x2tz6 y2z2 (4.2)≈ x2tz7 y2z (4.1)≈ x2tzy2z.
Therefore it follows from (9.9) that
S3{u≈ v} = S3
{
uˆ≈ v, (9.22∞), (9.22† )}. (9.11)
If u1 contains some letter x that is non-simple in uˆ, say u1 = u′1xu′′1 for some u′1,u′′1 ∈ X ∗ (with
t = t(u′′1)), then since
uˆ
(4.1)≈ u′1x7u′′1 y7z7u2u′3zu′′3
(4.3)≈ u′1
(
x7u′′1 y6z2
)
yz5u2u
′
3zu
′′
3
(9.22∞)≈ u′1x7u′′1
(
zy6zyz5u2u
′
3z
)
u′′3
(4.2)≈ u′1x7u′′1z7 y7u2u′3zu′′3
(4.1)≈ u	,
it follows that S3{u≈ v} = S3{u	 ≈ v, (9.22∞), (9.22† )}.
It remains to assume that every letter of u1 is simple in uˆ, say u1 = x1 · · · xn for some n 0 (where
xn = t). As observed earlier, C(v′) = C(u1)\{t}. Therefore by (Q), the preﬁx v′1t of v must be x1 · · · xn .
Denote by ϕ3 the substitution
p →
{
y6 if p = y,
z6 if p ∈ C(zu2u3)\{y}.
Then the deduction uˆ≈ v (9.22n) holds since
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2z2
(4.1)≈ x1 · · · xn y6z6 y2z2
(4.2)≈ x1 · · · xn y7z7 yz
(4.1)≈ x1 · · · xn yzyz
(4.3)≈ x1 · · · xn y2z2,
(vϕ3)y
2z2
(4.1)≈ x1 · · · xnz6 y2z2
(4.2)≈ x1 · · · xnz7 y2z
(4.1)≈ x1 · · · xnzy2z.
Hence S3{u≈ v} = S3{uˆ≈ v, (9.22n), (9.22∞), (9.22† )} by (9.11). Since
uˆ
(4.1)≈ x1 · · · xn y7z7u2u′3zu′′3
(4.3)≈ (x1 · · · xn y6z2)yz5u2u′3zu′′3
(9.22n)≈ x1 · · · xn
(
zy6zyz5u2u
′
3z
)
u′′3
(4.2)≈ x1 · · · xnz7 y7u2u′3zu′′3
(4.1)≈ u	,
it follows that S3{u≈ v} = S3{u	 ≈ v, (9.22n), (9.22∞), (9.22† )}. 
Proof of Lemma D. This is achieved by applying Lemmas 9.4, 9.5, and 9.6, and their dual results. Let
u ≈ v be any balanced identity that is not a permutation identity. If the simple letters of u do not
appear in the same order as the simple letters of v, then by Lemma 9.4, they can be put in the same
order modulo some identities from  ∪ {(9.1), (9.2), (9.3)}, resulting in an identity u(1) ≈ v(1) that
satisﬁes property (P) in Lemma 9.5.
If y ≺u(1) z and z ≺v(1) y for some simple letter y and some non-simple letter z, then by
Lemma 9.5, the letter z in u(1) can be moved to the left until it immediately precedes y, modulo
some identities from ∪{(9.2)}. This procedure can be repeated to obtain an identity u(2) ≈ v(2) that
satisﬁes property (Q) in Lemma 9.6.
If y ≺u(2) z and z ≺v(2) y for some non-simple letters y and z, then by Lemma 9.6, the letter
z in u(2) can be moved to the left until it immediately precedes y, modulo some identities from
∪{(9.2)}. This procedure can be repeated to obtain an identity u(3) ≈ v(3) that satisﬁes the property
p ≺u q if and only if p ≺v q for any letters p and q. Hence the identity u(3) ≈ v(3) is ip-compliant.
Note that whenever any of Lemmas 9.5 and 9.6 is invoked, only the ﬁrst occurrence of some non-
simple letter from a word is moved to the left; this does not alter the multiplicity of any letter and
the ﬁnal part of the word. Therefore the identity u(3) ≈ v(3) is balanced with fp(u(3)) = fp(u) and
fp(v(3)) = fp(v).
Now the identity u(3) ≈ v(3) satisﬁes property (P) in Lemma 9.5. By arguments that are dual to
those in the second and third paragraphs of this proof, the dual results of Lemmas 9.5 and 9.6 can
be applied to u(3) ≈ v(3) to obtain an identity u′ ≈ v′ that is fp-compliant with ip(u′) = ip(u(3)) and
ip(v′) = ip(v(3)). Since ip(u(3)) = ip(v(3)), the identity u′ ≈ v′ is also ip-compliant. 
Acknowledgments
The authors would like to express their gratitude to Dr. E.W.H. Lee for his help in checking and re-
vising the article, and also to the referees for their valuable remarks and suggestions which improved
the article.
30 Y. Luo, W. Zhang / Journal of Algebra 334 (2011) 1–30References
[1] S. Burris, H.P. Sankappanavar, A Course in Universal Algebra, Springer-Verlag, New York, 1981.
[2] W.H. Carlisle, Some problems in the theory of semigroup varieties, PhD thesis, Emory University, 1970.
[3] C.C. Edmunds, Varieties generated by semigroups of order four, Semigroup Forum 21 (1980) 67–81.
[4] T. Evans, The lattice of semigroup varieties, Semigroup Forum 2 (1971) 1–43.
[5] M. Jackson, Finite semigroups whose varieties have uncountably many subvarieties, J. Algebra 228 (2000) 512–535.
[6] J. Kalicki, D. Scott, Equational completeness of abstract algebras, Nederl. Akad. Wetensch. Proc. Ser. A. 58 (1955) 650–659.
[7] R.L. Kruse, Identities satisﬁed by a ﬁnite ring, J. Algebra 26 (1973) 298–318.
[8] E.W.H. Lee, Minimal semigroups generating varieties with complex subvariety lattices, Internat. J. Algebra Comput. 17
(2007) 1553–1572.
[9] I.V. L’vov, Varieties of associative rings, I, Algebra Logic 12 (1973) 150–167; translation of Algebra Logika 12 (1973) 269–
297.
[10] S.A. Malyshev, Permutational varieties of semigroups whose lattice of subvarieties is ﬁnite, in: Modern Algebra, Leningrad
Univ., Leningrad, 1981, pp. 71–76 (in Russian).
[11] I.I. Mel’nik, On varieties and lattices of varieties of semigroups, Issled. Algebr. 2 (1970) 47–57 (in Russian).
[12] S. Oates, M.B. Powell, Identical relations in ﬁnite groups, J. Algebra 1 (1964) 11–39.
[13] P. Perkins, Bases for equational theories of semigroups, J. Algebra 11 (1969) 298–314.
[14] M. Petrich, Introduction to Semigroups, Merrill, Columbus, 1973.
[15] M. Petrich, N.R. Reilly, Completely Regular Semigroups, Wiley & Sons, New York, 1999.
[16] M.V. Sapir, Problems of Burnside type and the ﬁnite basis property in varieties of semigroups, Math. USSR Izv. 30 (2)
(1988) 295–314; translation of Izv. Akad. Nauk SSSR Ser. Mat. 51 (2) (1987) 319–340.
[17] L.N. Shevrin, E.V. Sukhanov, Structural aspects of the theory of varieties of semigroups, Soviet Math. (Iz. VUZ) 33 (6) (1989)
1–34; translation of Izv. Vyssh. Uchebn. Zaved. Mat. 6 (1989) 3–39.
[18] L.N. Shevrin, B.M. Vernikov, M.V. Volkov, Lattices of semigroup varieties, Russian Math. (Iz. VUZ) 53 (3) (2009) 1–28;
translation of Izv. Vyssh. Uchebn. Zaved. Mat. 3 (2009) 3–36.
[19] L.N. Shevrin, M.V. Volkov, Identities of semigroups, Soviet Math. (Iz. VUZ) 29 (11) (1985) 1–64; translation of Izv. Vyssh.
Uchebn. Zaved. Mat. 11 (1985) 3–47.
[20] A.V. Tishchenko, The ﬁniteness of a base of identities for ﬁve-element monoids, Semigroup Forum 20 (1980) 171–186.
[21] A.N. Trahtman, Finiteness of identity bases of ﬁve-element semigroups, in: E.S. Lyapin (Ed.), Semigroups and Their Homo-
morphisms, Ross. Gos. Ped. Univ., Leningrad, 1991, pp. 76–97 (in Russian).
[22] B.M. Vernikov, M.V. Volkov, Complemented lattices of varieties and quasivarieties, Soviet Math. (Iz. VUZ) 26 (11) (1982)
19–24; translation of Izv. Vyssh. Uchebn. Zaved. Mat. 11 (1982) 17–20.
[23] B.M. Vernikov, M.V. Volkov, Lattices of nilpotent varieties of semigroups. II, Izv. Ural. Gos. Univ. Mat. Mekh. 10 (1998)
13–33 (in Russian).
[24] M.V. Volkov, Finite basis theorem for systems of semigroup identities, Semigroup Forum 28 (1984) 93–99.
[25] M.V. Volkov, The ﬁnite basis question for varieties of semigroups, Math. Notes 45 (3) (1989) 187–194; translation of Mat.
Zametki 45 (3) (1989) 12–23.
